In [13] , we determined all dense near 2n-gons of order (2, t) with a nice chain of subpolygons, i.e. a chain F 0 ⊂ F 1 ⊂ · · · ⊂ F n of convex subpolygons satisfying (i) F i , i ∈ {0, . . . , n}, is a near 2i-gon, and (ii) F i , i ∈ {0, . . . , n − 1}, is big in F i+1 . In the present paper, we describe a method which can be used for classifying general dense near polygons with such a chain. We will use this method to determine all dense near polygons with a nice chain of subpolygons if every hex is either classical or glued. We will apply the latter result to determine all dense near octagons of order (3, t) with a nice chain of subpolygons.
Introduction

Elementary definitions and properties
A near polygon ( [18] ) is a partial linear space S = (P, L, I), I ⊆ P × L, with the property that for every point x and every line L there exists a unique point on L nearest to x. Here distances d(·, ·) are measured in the point graph or collinearity graph of the geometry. All near polygons considered in this paper are supposed to be finite. A near polygon S is called a near 2d-gon if the maximal distance between two points of S is equal to d. The number d is called the diameter of S and is often denoted as diam(S). A near 0-gon is a point and a near 2-gon is a line. We denote the unique line with s + 1 points by L s+1 . Near quadrangles are usually called generalized quadrangles (GQ's; [17] ). A near polygon S is said to have order (s, t) if every line is incident with precisely s + 1 points and if every point is incident with precisely t + 1 lines. If s = t, then we will also say that S has order s.
If X 1 and X 2 are two nonempty sets of points, then d(X 1 , X 2 ) denotes the minimal distance between a point of X 1 and a point of X 2 . If X 1 is a singleton {x 1 }, then we will also write d(x 1 , X 2 ) instead of d({x 1 }, X 2 ). For every i ∈ N and for every nonempty set X of points, Γ i (X) denotes the set of all points y for which d(y, X) = i. If X is a singleton {x}, then we denote Γ i (X) also by Γ i (x).
If K and L are two lines of a near polygon, then N = |{d(k, l) | k ∈ K, l ∈ L}| ∈ {2, 3}. If N = 2, then for every point k ∈ K, there exists a unique point l ∈ L such that d(k, l) = d(K, L). In this case, K and L are called parallel (K L).
A subspace X of a near polygon is called geodetically closed or convex if every point on a shortest path between two points of X is contained in X as well. Suppose X is a nonempty convex subspace of a near polygon S = (P, L, I). Let L X denote the set of lines of S which are completely contained in X and put I X = I ∩ (X × L X ). Since X is convex, distances in S X := (X, L X , I X ) are inherited from distances in S. Hence, S X is a sub(-near-)polygon of S.
If X 1 , . . . , X k are nonempty sets of points of a near polygon, then C(X 1 , . . . , X k ) denotes the minimal convex subpolygon containing X 1 ∪ · · · ∪ X k , i.e. the intersection of all convex subpolygons containing X 1 ∪ · · · ∪ X k . If one of these sets is a singleton, then we will often omit the braces and write C(· · · , x, · · ·) instead of C(· · · , {x}, · · ·).
A near polygon is called dense if every line is incident with at least three points and if every two points at distance 2 have at least two common neighbours. Dense near polygons satisfy several nice properties. We collect the ones which we will need later.
• By Lemma 19 of [2] , every point of a dense near polygon S is incident with the same number of lines. We denote this number by t S + 1.
• If x and y are two points at distance δ from each other, then by Theorem 4 of [2] , x and y are contained in a unique convex sub-2δ-gon which necessarily coincides with C(x, y). These subpolygons are called quads if δ = 2 and hexes if δ = 3. The existence of quads was already shown in Proposition 2.5 of [18] .
(In general, a quad of a not necessarily dense near polygon is a nondegenerate convex subquadrangle.) With every dense near 2n-gon S, n ≥ 3, there is also associated a rank n geometry. The elements of type i ∈ {1, . . . , n} are the convex sub-(2i − 2)-gons of S and incidence is the symmetrized containment. This rank n geometry has the following diagram.
L L points lines quads
Let S = (P, L, I) be a near polygon, let x be a point of S and let F be a convex subpolygon of S. Then x is called classical with respect to F if there exists a (necessarily unique) point π F (x) in F such that d(x, y) = d(x, π F (x)) + d(π F (x), y) for every point y of F . The subpolygon F is called classical in S if every point of S is classical with respect to F ; in this case, the map π F : P → F is called the projection onto F . The subpolygon F is called big in S if F = S and if every point of S has distance at most 1 from F . If F is big in S, then F is also classical in S.
Lemma 1 (see e.g. Lemma 10 of [14] ) Let F and G be two convex subpolygons of a near polygon S and suppose that F is big in S. Then F ∩ G is either empty, equal to G or a big convex subpolygon of G.
Let S be a near 2n-gon. A chain F 0 ⊂ F 1 ⊂ · · · ⊂ F n of convex subpolygons of S is called a nice chain of subpolygons if (i) diam(F i ) = i for every i ∈ {0, . . . , n}, and (ii) F i is big in F i+1 for every i ∈ {0, . . . , n − 1}. The standard examples of near polygons with a nice chain of subpolygons are the dual polar spaces which we will briefly discuss in Section 3.
Let (P ) be a property (or a collection of properties) of dense near polygons. Then we say that property (P) is inheritable if for every dense near polygon S satisfying (P), also every convex subpolygon of S satisfies property (P). Examples of inheritable properties are: (i) every line is incident with s + 1 points for a given number s ∈ N \ {0, 1}; (ii) every convex subpolygon belongs to a certain class of dense near polygons. In all known dense near polygons with a nice chain of subpolygons also every convex subpolygon has such a chain. Despite that observation we do not know whether this property is inheritable.
Short overview
In [13] , we determined all dense near polygons with three points on each line having a nice chain of subpolygons. This result played a key role in the classification of all dense near octagons of order (2, t) ( [15] ). In general, classification results on dense near polygons with a nice chain of subpolygons are important in view of the fact that every known dense near polygon of order (s, t), s ≥ 3, admits such a chain. Generalizing the ideas of [13] , we will give a method in Section 7 which can be used for classifying general dense near polygons with a nice chain of subpolygons. This method will be used in Section 8 to determine all dense near polygons with a nice chain of subpolygons if every hex is classical or glued (see Theorem 3) . From the main result of [7] , it follows that every dense near hexagon of order (3, t) with a nice chain of subpolygons is either classical or glued. This observation together with Theorem 3 will allow us to determine all dense near polygons of order (3, t) with a nice chain of subpolygons.
For s ≥ 4, a complete classification of dense near polygons of order (s, t) with a nice chain of subpolygons seems to be hopeless in view of the missing classifications for the generalized quadrangles and the near hexagons. Despite that, classification results might still be possible (actually: are possible, see Theorem 3) if one restricts to certain classes of near polygons. The method which we will present in this paper is designed to deal with classes of near polygons satisfying inheritable properties.
Product near polygons
By a well-known and easy construction, a so-called product near polygon
. . , k}. We refer to Section 1.6 of [11] for more details. For the remainder of this section, we will collect some results regarding these product near polygons.
Lemma 2 (Theorem 1 of [2] ) If A is a dense near polygon with the property that not every line is incident with the same number of points, then there exist dense near polygons A 1 , . . . , A k with constant line size such that
Let A be a dense near polygon and let T 1 and T 2 be two partitions of A in convex subpolygons. Then we say that {T 1 , T 2 } ∈ ∆ 0 (A) if (i) every element of T 1 ∪ T 2 has diameter at least 1, (ii) every element of T 1 intersects every element of T 2 in a point, and (iii) every line is contained in precisely one element of T 1 ∪ T 2 . If {T 1 , T 2 } ∈ ∆ 0 (A), then by Lemma 2 of [12] , there exist near polygons A 1 and A 2 such that (i) F ∼ = A i for every i ∈ {1, 2} and every
We can characterize product near polygons also as follows.
Lemma 3 (Lemma 3 of [12] ) Let A be a dense near polygon and let F 1 and F 2 be two convex subpolygons of A satisfying the following properties: (i) F 1 ∩ F 2 is a point, (ii) every line through x is contained in precisely one of the subpolygons F 1 and
Every convex subpolygon of A 1 × A 2 is of the form
The following lemma is now straightforward.
Lemma 4 Let A 1 and A 2 be two dense near polygons and let
and only if there exists a j ∈ {1, 2} such that (i) F j = F j and (ii) F 3−j is big in F 3−j . As a consequence, A 1 × A 2 has a nice chain of subpolygons if and only if A 1 and A 2 have nice chains of subpolygons.
Dual polar spaces
A near polygon S is called classical if (i) every two points at distance 2 are contained in a unique quad, and (ii) every quad is classical in S. By Cameron [3] , the classical near 2n-gons, n ≥ 2, are precisely the dual polar spaces of rank n ≥ 2. (The points and lines, respectively, of such a dual polar space of rank n are the maximal, respectively next-to-maximal, totally isotropic subspaces of a polar space of rank n.) By Tits' classification of polar spaces ( [19] ), every finite thick polar space belongs to one of five classes. These five classes are listed in the following table, together with some information on the corresponding dual polar spaces. The pair (s, t 2 ) denotes the order of the quads. Note that DQ(2n, q) is isomorphic to DW (2n − 1, q) if and only if q is even.
Polar space
Dual polar space quads (s, t 2 )
A product near polygon A 1 × A 2 is classical if and only if A 1 and A 2 are classical. Every dense near 2n-gon with n ≤ 2 is classical. A finite dense near 2n-gon S with n ≥ 3 and ∆ 0 (S) = ∅ is classical if and only if it belongs to one of the five classes mentioned above.
Glued near polygons
Definitions and properties
A spread of a near polygon is a set of lines partitioning the point set. A spread is called admissible if every two lines of it are parallel. A spread S of a near polygon A is called a spread of symmetry if for every line K ∈ S and every two points k 1 , k 2 ∈ K, there exists an automorphism of A fixing each line of S and mapping k 1 to k 2 . Every spread of symmetry is an admissible spread. If A = (P, L, I) is a near polygon and if L is a line, then S := {L x | x ∈ P} with L x := {(x, y) | y ∈ L} is a spread of the product near polygon A × L. We call any spread which can be constructed that way a trivial spread. Every trivial spread is a spread of symmetry. If S is a spread of a near polygon A and if F is a convex subpolygon of A, then S F denotes the set of all lines of A contained in F .
Lemma 5 (Theorem 5 of [8] ) Let S be an admissible spread (respectively a spread of symmetry) of a near polygon A and let F denote a convex subpolygon of A. Then S F is either empty or an admissible spread (respectively a spread of symmetry) of F .
Let A be a dense near polygon and let T 1 and T 2 be two partitions of A in convex subpolygons. Then we say that {T 1 , T 2 } ∈ ∆ 1 (A) if the following conditions are satisfied: (i) every element of T 1 ∪ T 2 has diameter at least 2, (ii) every element of T 1 intersects every element of T 2 in a line, (iii) every line of A is contained in an element of T 1 ∪ T 2 , and (iv) for every element F of T i (i ∈ {1, 2}), the spread of F obtained by intersecting F with all elements of T 3−i is an admissible spread of F . If {T 1 , T 2 } ∈ ∆ 1 (A), then by the basic characterization result of glued near polygons, see Section 4.4 of [11] , A is obtained from the so-called glueing construction which was introduced in [8] (see also [11, Section 4.3] ). In this case, there exist dense near polygons A 1 and A 2 such that every element of T i , i ∈ {1, 2}, is isomorphic to A i . We will say that A is a glued near polygon (of type
for short). If T 1 and T 2 satisfy (i), (ii) and (iii) and if no element of T 1 ∪ T 2 is a product near polygon, then by [9, Section 4] or [11, Section 4.5.2], T 1 , T 2 also satisfy property (iv) and hence
Let A be a dense near polygon of diameter at least 3. Then we say that A satisfies property (P g ) if A has a big convex subpolygon F and a partition T in quads such that the following holds: (i) F intersects each quad of T in a line; (ii) the set of lines of F obtained in this way is an admissible spread of F ; (iii) every line of A intersecting F in a unique point is contained in precisely one of the quads of T . If F is a dense near polygon of diameter at least 2 and if Q is a dense generalized quadrangle, then every glued near polygon of type F ⊗ Q satisfies property (P g ).
Lemma 6 (Lemma 8 of [13] ) Let A, B 1 and B 2 be dense near polygons of diameter at least 2. If S is a glued near polygon of type
Lemma 7 (Lemma 10 of [13] ) Let A 1 , A 2 and A 3 be three dense near polygons of diameter at least 2, none of which is a product near polygon. Let S be a glued near polygon and suppose that there exists a {T 1 , T 2 } ∈ ∆ 1 (S) such that every element of T 1 is isomorphic to A 1 and every element of T 2 is a glued near polygon of type A 2 ⊗ A 3 . Then there exists a {T 1 , T 2 } ∈ ∆ 1 (S) and an i ∈ {2, 3} such that the following holds:
• every element of T 1 is a glued near polygon of type A 1 ⊗ A i ; every element of T 2 is isomorphic to A 5−i ;
• the partition T 1 is a refinement of the partition T 1 ; the partition T 2 is a refinement of the partition T 2 .
So, A is also a glued near polygon of type
Convex subpolygons
The convex subpolygons of glued near polygons were determined in Section 3 of [9] . Let A be a dense glued near polygon and let
, denote the admissible spread of F i obtained by intersecting F i with all elements of T 3−i .
Lemma 9 Let G 1 and G 2 be convex subpolygons of F 1 and F 2 , respectively.
is big in A if and only if (i) at least one of the spreads S 1 , S 2 is trivial, and
such that every element of T 1 is a line and every element of T 2 is isomorphic to G 1 . The line L is not contained in G 1 . By Lemma 5, it follows that none of the lines of S 1 is contained in G 1 . So, S 1 = T 1 is a trivial spread. Now,
Property (b) now readily follows. 2
Lemma 10 A has a nice chain of subpolygons if and only if there exists an i ∈ {1, 2} such that (i) F 3−i has a nice chain of subpolygons, and (ii) F i has a nice chain of subpolygons containing a line of S i .
is a nice chain of subpolygons of A by Lemmas 8 and 9 (a).
Conversely, suppose that A has a nice chain
has a subchain which is a nice chain of subpolygons of F j (x). Let m denote the smallest number such that L(x) ⊆ J m . We distinguish two cases.
and which is a nice chain of subpolygons of
• Suppose L(x) is a proper subset of both
by Lemma 8. Also by Lemma 8,
have nice chains of subpolygons by Lemma 4, and by Lemma 9 (b), there exists an i ∈ {1, 2} such that
. Applying Lemma 4, we see that there exists a nice chain of subpolygons of J m containing {x},
Now, the projection from F i (x) to F i is an isomorphism mapping L(x) to a line of S i . The lemma now readily follows. 2
Two lemmas
The following property, which is crucial for the sequel, was already mentioned in [12] for the case s = 2, but it was regarded there as a corollary of the classification of all dense near hexagons of order (2, t) ([1]). A rather easy counting argument shows however that the property also holds for general s.
Lemma 11 Let S be a dense near hexagon of order (s, t) containing a big grid-quad, then S ∼ = Q × L s+1 for some generalized quadrangle Q of order (s, t − 1).
be a big grid-quad of S and let x be a point of R.
intersects R in a line; so, Q has order (s, t 2 ) for a certain t 2 ≥ 2. Since R is big in S, the total number of points of S is equal to v = (s + 1)
The number of points of S at distance at most 1 from Q is equal to (s+1)(st 2 +1)[1+s(t−t 2 )]. Since this number is at most v, it follows that t 2 (t−t 2 ) ≤ t−1 or that t 2 = t−1 since t 2 = 1. Hence, t = t 2 + 1 and S ∼ = Q × L s+1 by Lemma 3.
2
Now, let S be a dense near polygon containing a big convex subpolygon F . Suppose that {T 1 , T 2 } ∈ ∆ (F ) for a certain ∈ {0, 1}. For every point x of F , let F i (x), i ∈ {1, 2}, denote the unique element of
. . , L l denote all the lines through x not contained in F , then we define
and it follows that diam(I(x)) ≥ 1.
Lemma 12
The following properties hold.
(c) There exists an i * ∈ {1, 2} such that
then every line through x not contained in F is contained inĜ. The elementsĜ, G ∈ T i * , partition the set of points of S.
(e) If = 0, then there exists a {T 1 , T 2 } ∈ ∆ 0 (S) such that T 3−i * ⊆ T 1 and
. . , N k denote the set of all lines of F obtained in this way and put
Then there exists a line φ(M 1 ) not contained in F 2 (x) and a line φ(M 2 ) not contained in
) is a product near hexagon, contradicting the fact that none of the quads C(L, φ(M 1 )) and
(b) If L is a line through x not contained in F , then by (a) we know that C(L, F i (x)) contains every line through x not contained in F . Since the total number of lines through y is equal to the total number of lines through x, it follows that also every line through y not contained in F is contained in
for every point x of F , then property (c) holds for any i * ∈ {1, 2}. So, we may suppose that there exists a point x * and an i * ∈ {1, 2} such that I(x * ) ⊆ F 3−i * (x * ). Now, let x denote an arbitrary point of F and let y denote an arbitrary point of
Hence, also I(x) is contained in F i * (x) by (b). This proves the property.
(d) Let x denote an arbitrary point of G and let L denote an arbitrary line through x not contained in F . PutĜ = C(L, G). ThenĜ ∩ F = G is big inĜ by Lemma 1. By (a), (b) and (c) we know thatĜ is independent from the chosen point x ∈ G and the chosen line L through x. Since every point of S \ F is collinear with a unique point of F , every point of S is contained in a unique elementĜ with G ∈ T i * . The property now readily follows. If S is not a trivial spread, then G S acts regularly on S by [8] , see also Theorem 4.43 of [11] .
(b) Let V 1 and V 2 denote two classes of dense near polygons. Then V 1 × V 2 denotes the set of all near polygons which are isomorphic to some near polygon A 1 × A 2 , where A l , l ∈ {1, 2}, belongs to V l . The set V 1 ⊗ V 2 consists of all glued near polygons of type A 1 ⊗ A 2 , again with A l , l ∈ {1, 2}, belonging to V l .
Let V be a (possibly infinite) set of dense near polygons satisfying the following conditions: (C1) no two elements of V are isomorphic; (C2) ∆ 0 (A) = ∆ 1 (A) = ∅ for every element A of V . If A ∈ V , then every line of A is incident with the same number of points by Lemma 2 and condition (C2). Consider now the following graph Γ V : the vertices of Γ V are the elements of V , with two different vertices A 1 and A 2 adjacent whenever A l , l ∈ {1, 2}, has a spread of symmetry S l such that
denote the connected components of Γ V (for some index set I).
Lemma 13 There exist constants s i , i ∈ I, such that each near polygon A of V i has order (s i , t A ).
Proof. Let A 1 and A 2 be two adjacent vertices of the graph Γ V . Suppose that every line of A l , l ∈ {1, 2}, is incident with α l + 1 points. Let S 1 and S 2 be spreads of symmetry of A 1 and A 2 , respectively, such that G S 1 ∼ = G S 2 . Since S l is a spread of symmetry of A l and since S l is not a trivial spread (otherwise A l would be a product near polygon), G S l acts regularly on each line of S l . Hence, α 1 + 1 = |G S 1 | = |G S 2 | = α 2 + 1. The lemma now easily follows.
Lemma 14 For all i, j ∈ I with
Proof. Suppose A is a glued near polygon of type A 1 ⊗ A 2 , where A 1 ∈ V i and A 2 ∈ V j . Let {T 1 , T 2 } ∈ ∆ 1 (A) such that every element of T l , l ∈ {1, 2}, is isomorphic to A l . Let F l , l ∈ {1, 2}, denote an arbitrary element of T l and let S l denote the spread of F l obtained by intersecting F l with all elements of T 3−l . The near polygons F 1 and F 2 are not product near polygons. By Theorem 4.46 of [11] , it then follows that the groups G S 1 and G S 2 are isomorphic, contradicting the fact that A 1 and A 2 belong to different connected components of Γ V . 2
Note that no element of V i is a product near polygon by Lemma 9 of [13] .
Lemma 15 If i, j ∈ I with i = j, then no element of V i is isomorphic to an element of V j .
Proof. Let A i denote an arbitrary element of V i and let A j denote an arbitrary element of V j . Let Ω(A i ), respectively Ω(A j ), denote the set of all convex subpolygons F of A i , respectively A j , satisfying ∆ 0 (F ) = ∆ 1 (F ) = ∅.
By Lemma 8, the maximal elements of Ω(A i ) (with respect to inclusion) are isomorphic to elements of V i , and a similar remark holds for Ω(A j ). Since no element of V i is isomorphic to an element of V j , no element of V i can be isomorphic to an element of V j .
Let V denote the set of all near polygons which are isomorphic to a direct product of near polygons of the set i∈I V i . By convention, the near 0-gon O (direct product of 0 near polygons) and the elements of i∈I V i (direct product of 1 near polygon) also belong to V . Obviously, V × V = V . We call V the {0, 1}-extension of V .
Proof. Let S 1 and S 2 denote two arbitrary elements of V . We will prove that any glued near polygon of type S 1 ⊗ S 2 belongs to V . We will do this by induction on the number diam(S 1 ) + diam(S 2 ). If ∆ 0 (S 1 ) = ∅ or ∆ 0 (S 2 ) = ∅, then this follows by the induction hypothesis and Lemma 6. So, suppose that ∆ 0 (S 1 ) = ∆ 0 (S 2 ) = ∅. It suffices to prove that V i ⊗ V j ⊆ V for all i, j ∈ I. By applying Lemma 7 (several times), we see that every element of
By applying Lemma 7 (several times), we also see that every element of V i ⊗ V i belongs to V i . This proves the lemma. Proof. Suppose that every element of V contains a nice chain of subpolygons. Suppose that A is an element of V i with V i ⊗V i = ∅. Since A belongs to V , it has a nice chain of subpolygons, proving (a). Suppose now that A ∈ V i with V i ⊗ V i = ∅. Let S be an arbitrary spread of symmetry of A. By Theorem 4.47 of [11] , there exists a glued near polygon S and a
, then the spread of symmetry of F obtained by intersecting F with all elements of T 3−l is isomorphic to S. Now, property (b) follows from Lemma 10 and the fact that S ∈ V .
Conversely, suppose that properties (a) and (b) hold. We will prove by induction on diam(S) that every near polygon S of V has a nice chain of subpolygons. Obviously, this holds for any element of V . Suppose that S ∼ = S 1 × S 2 , where S 1 and S 2 are elements of V of diameter at least 1. By the induction hypothesis, S 1 and S 2 have nice chains of subpolygons. Hence, by Lemma 4 also S has a nice chain of subpolygons. So, we may suppose that ∆ 0 (S) = ∅. Suppose now that S belongs to V i for a certain i ∈ I and that S is not isomorphic to an element of V i . Then S is a glued near polygon of type S 1 ⊗ S 2 for a certain S 1 ∈ V i and a certain S 2 ∈ V i . By the induction hypothesis, S 1 contains a nice chain of subpolygons. Now, V i ⊗ V i = ∅; so, for every spread of symmetry of S 2 there exists a nice chain of subpolygons of S 2 containing a line of that spread. By Lemma 10, it now follows that also S has a nice chain of subpolygons. 2
7 Determination of dense near polygons with a nice chain of subpolygons Theorem 2 Let s ∈ N \ {0, 1} be a given number. Let V denote a class of dense near polygons containing L s+1 and satisfying the properties (C1) and (C2) of Section 6. Let (P ) be an inheritable property or a collection of such properties such that every dense near polygon satisfying (P ) has s + 1 points on each line. Let W be the set of all dense near polygons A satisfying:
• A satisfies (P );
• A has a nice chain of subpolygons.
Suppose that one of the following cases occurs for every element A of W containing a big convex subpolygon F ∈ V :
(i) A is isomorphic to an element of V which does not satisfy property (P g );
(iii) there exists a generalized quadrangle Q ∈ V such that A is a glued near polygon of type F ⊗ Q.
Then W is a subset of V . 
Exactly one of the following possibilities occurs.
(I) Suppose that F belongs to V . If W is isomorphic to an element of V , then obviously W ∈ V . If there exists a generalized quadrangle Q ∈ V such that W is a glued near polygon of type
where F 1 and F 2 are elements of V . Let {T 1 , T 2 } ∈ ∆ 0 (F ) such that every element of T i , i ∈ {1, 2}, is isomorphic to F i . Since F has a nice chain of subpolygons, also every element of T 1 ∪ T 2 has a nice chain of subpolygons by Lemma 4. By Lemma 12, there exists an element {T 1 , T 2 } ∈ ∆ 0 (W ) and a j ∈ {1, 2} such that T j ⊆ T 1 and such that every element G of T 3−j is contained in a unique elementĜ of T 2 . Moreover, G is big inĜ. So,Ĝ has a nice chain of subpolygons. And sinceĜ also satisfies property (P ) it belongs to W and hence also to V . It now follows that W ∈ V × V = V .
(III) Suppose that ∆ 0 (F ) = ∅ and ∆ 1 (F ) = ∅. Then F is of type F 1 ⊗ F 2 , where F 1 and F 2 are elements of a certain V i , i ∈ I. For every point x of F , we can define I(x) as in Section 5. Now, by Lemma 7 and Lemma 12 (c), there exists a {T 1 , T 2 } ∈ ∆ 1 (F ) such that (i) every element of T 1 is isomorphic to an element of V i , (ii) every element of T 2 is isomorphic to an element of V i and (iii) I(x) is contained in an element of T 2 for every point x of F . By Lemma 12 (d), we can find a partition T 2 of W in convex subpolygons such that (i) every element of T 2 contains a unique element of T 2 and (ii) every element of T 2 intersects every element of T 1 in a line. We will now extend T 1 to a partition T 1 of W such that every element of T 1 intersects every element of T 2 in a line. Let x denote an arbitrary point of W not contained in F . Let F 1 (x) denote the unique element of T 1 through π F (x) and consider the convex subpolygon G(x) = C(x, F 1 (x)). Since F has a nice chain of subpolygons, also every element of T 1 ∪ T 2 has a nice chain of subpolygons by Lemma 10. Now, F 1 (x) is big in G(x) by Lemma 1. So, also G(x) contains a nice chain of subpolygons. Since G(x) satisfies property (P), it belongs to W. Now, G(x) contains a big convex subpolygon F 1 (x) belonging to the set V . Intersecting G(x) with the elements of T 2 , we find a partition T 2 of G(x) in quads. Moreover, G(x) satisfies property (P g ) with respect to the pair (
is a glued near polygon of type F 1 (x) ⊗ Q for a certain generalized quadrangle Q of V . In any case, there exists a unique convex subpolygon
. Collecting all elements of T 1 and all elements of the form
, where x is a point of W \ F , we obtain a partition T 1 of W in isomorphic convex subpolygons. Every element of T 1 is isomorphic to an element of V . Every element of T 2 belongs to W and hence also to V . No element of T 1 ∪ T 2 is a product near polygon (if an element of T 2 were a product near polygon, then since t W = t F + 1, also the unique element of T 2 contained in it would be a product near polygon, which is not the case). Hence, {T 1 , T 2 } ∈ ∆ 1 (W ) and W belongs to
Application
In this section, we shall determine the structure of all dense near polygons of order (s, t) with a nice chain of subgeometries if every hex is classical or glued. Remark that for s ≥ 3 every known dense near hexagon is either classical or glued and that the case s = 2 has been completely solved in [13] . The property that every hex is either classical or glued is an inheritable property.
In the proof of the following lemma, we will make use of the fact that none of the generalized quadrangles W (q), Q(4, q), H(3, q) and DH(4, √ q) has spreads of symmetry. We refer to [5] for proofs of these facts.
Lemma 17 Let ∆ i , i ∈ N \ {0, 1}, denote one of the following classes of dual polar spaces:
(a) ∆ i = DW (2i − 1, q) for a certain prime power q;
(b) ∆ i = DQ(2i, q) for a certain prime power q;
(c) ∆ i = DQ − (2i + 1, √ q) with q = r 2 for a certain prime power r;
√ q) with q = r 3 for a certain prime power r.
Let S be a dense near (2n + 2)-gon, n ≥ 2, of order (q, t) satisfying the following properties:
• S has a big convex subpolygon F isomorphic to ∆ n ;
• every hex of S is either classical or glued.
Then S is isomorphic to either
and we are done. Suppose therefore that t S ≥ t F + 2.
We will show that every quad Q of S is isomorphic to ∆ 2 . This trivially holds if Q is contained in F . Suppose that Q intersects F in a line K. Let L denote a line of Q intersecting K in a unique point. If all quads through L are grids, then t S = t F + 1, a contradiction. So, there exists a quad R through L which is not a grid. Consider a hex H through R containing the line K. This hex contains two quads through the line R ∩ F which are not grids. Hence H is either glued or is isomorphic to ∆ 3 . If H is glued, then H ∩ F ∼ = ∆ 2 must contain a spread of symmetry, which is impossible, see the remark preceding this lemma. It follows that H ∼ = ∆ 3 and Q ∼ = ∆ 2 . Hence, (i) every quad meeting F is isomorphic to ∆ 2 and (ii) every hex meeting F is isomorphic to ∆ 3 . Now, consider a quad Q disjoint from F . The quad Q is contained in a hex which meets F . Since this hex is isomorphic to ∆ 3 , Q is isomorphic to ∆ 2 .
We will now prove the lemma by induction on n. If n = 2, then S is a hex meeting F and hence is isomorphic to ∆ 3 . Suppose therefore that n ≥ 3 and that the lemma holds for any dense near polygon of diameter less than n (= induction hypothesis).
We will show that S is a classical near polygon. Let (x, Q) denote an arbitrary point-quad pair of S. Through Q there exists a convex sub-2n-gon F which intersects F in a convex subpolygon isomorphic to ∆ n−1 . By the induction hypothesis, we know that F is isomorphic to either ∆ n−1 × L q+1 or ∆ n . But since every quad is isomorphic to ∆ 2 , we know that
So, Q contains a unique point nearest to x, namely the unique point of Q nearest to π F (x) (note that F ∼ = ∆ n−1 is classical).
Since S is a classical near hexagon and since every quad is isomorphic to ∆ 2 , S is isomorphic to ∆ n+1 , see Section 3. 2
Lemma 18 ([10]) Let S be a dense near 2n-gon, n ≥ 3, with the property that every hex is isomorphic to either DH(5, q 2 ), Q(5, q) × L q+1 or a glued near hexagon of type Q(5, q) ⊗ Q(5, q), then S is isomorphic to one of the following:
, with m 1 , m 2 ∈ N \ {0, 1} such that m 1 + m 2 = n; (4) a glued near polygon of type DH(2m 1 − 1, q 2 ) ⊗ DH(2m 2 − 1, q 2 ), with m 1 , m 2 ∈ N \ {0, 1} such that m 1 + m 2 = n + 1.
Lemma 19
Let S be a glued near 2(n + 1)-gon, n ≥ 2, of order (q, t) satisfying the following properties:
• S contains a big convex subpolygon isomorphic to DH(2n − 1, q 2 );
• every hex is classical or glued.
Then S is isomorphic to either DH(2n
where Q is a generalized quadrangle having a spread of symmetry S such that G S ∼ = C q+1 .
Proof. We will prove the lemma in different steps. We call a quad of S thick when it is not isomorphic to a grid. If
2 ) × L q+1 and we are done. So, we will suppose that t S ≥ t F + 2. If K 1 and K 2 are two distinct lines intersecting F in the same point, then the quad C(K 1 , K 2 ) intersects F in a line and hence is thick.
Step 1. Every quad R disjoint from F is isomorphic to either L q+1 × L q+1 or Q(5, q).
Proof. There exists a hex H through R intersecting F in a Q(5, q)-quad R . The hex H is classical or glued and R ∩ R = ∅. It follows that R is isomorphic to either L q+1 × L q+1 or Q(5, q).
Step 2. Let x be a point of S not contained in F , let L denote the unique line through x meeting F and let L 1 and L 2 denote two other lines through
is glued and the property immediately follows.
Step 3. If R is a quad intersecting F in a line L, then through every point x of F there exists a quad R x ∼ = R intersecting F in a line. Proof. By connectedness of F it suffices to prove this for every point x ∈ Γ 1 (L) ∩ F . The hex C(R, x) is either classical or glued and in any case there exists a quad in this hex satisfying the required conditions.
Step 4. If through a certain point of F there exists a unique thick quad meeting F in a line, then this property holds for any point of F . Proof. This follows from Step 3 and the fact that there are a constant number of lines through a point.
Step 5. If through a certain point x of F , there exist at least two thick quads which meet F in a line, then S is isomorphic to DH(2n + 1, q 2 ). Proof. Let R be a thick quad through x intersecting F in a line. Let L 1 and L 2 denote two lines through x not contained in F such that L 1 is contained in R and L 2 is not contained in R. The hex C(R, L 2 ) has three thick quads through x, namely R, C(L 1 , L 2 ) and C(R, L 2 ) ∩ F ∼ = Q(5, q) and hence is isomorphic to DH(5, q 2 ). So, R is isomorphic to Q(5, q). From Step 1 it now follows that every quad of S is isomorphic to either L q+1 × L q+1 or Q(5, q). Together with Step 2, this implies that every hex is isomorphic to either DH (5, q 2 ), Q(5, q) × L q+1 or a glued near hexagon of type Q(5, q) ⊗ Q(5, q).
Step 5 now follows from Lemma 18.
In the sequel, we will suppose that S is not isomorphic to DH(2n + 1, q 2 ). Then by Steps 3, 4 and 5, there exists a unique thick quad through every point of F which intersects F in a line. These thick quads determine a partition T 1 of S.
Step 6. Through every point x of S, there exists a unique convex subpolygon isomorphic to DH(2n − 1, q 2 ) which is either equal to F or disjoint from F . Proof. We may suppose that x ∈ F . Let Q denote the unique thick quad through x intersecting F in a line L. Let Q denote an arbitrary Q(5, q)-quad of F through L. The hex C(Q, Q ) is glued and contains a unique Q(5, q)-quad Q through x intersecting Q in a line L . Let F x denote a convex sub-[2(n − 1)]-gon through Q not containing Q. Then F x is disjoint from F and intersects Q in the line L . By Steps 1 and 2, it follows that F x is one of the four possibilities mentioned in Lemma 18. Suppose F x is not isomorphic to DH(2n − 1, q 2 ). By
Step 2, every grid of F x through x must contain L and it follows that
But then every quad of F x through L must be a grid, contradicting Q ∼ = Q(5, q). So, our assumption was wrong and F x ∼ = DH(2n − 1, q 2 ). Since there are as many lines through x as through every point of F , every line through x is contained in either Q or F x . Also, F x is the only convex subpolygon through x isomorphic to DH(2n − 1, q 2 ) and disjoint from F .
The subpolygons mentioned in Step 6 define a partition T 2 of S in convex subpolygons isomorphic to DH(2n − 1, q 2 ). Every element of T 2 intersects every element of T 1 in a line. Since no element of T 1 ∪ T 2 is a product near polygon, {T 1 , T 2 } ∈ ∆ 1 (S). So, S is glued of type DH(2n − 1, q 2 ) ⊗ Q, with Q as in the proof of Step 6. Intersecting F with all elements of T 1 , we find a spread of symmetry S 2 of F . Intersecting Q with all elements of T 2 , we find a spread of symmetry S 1 of Q. By [14] , G S 2 is isomorphic to C q+1 , the cyclic group of order q + 1. Hence, also G S 1 must be isomorphic to C q+1 by Theorem 4.46 of [11] . This proves the lemma. As a consequence, the ten examples mentioned in Lemma 21 are all the near hexagons of order (3, t) with a nice chain of subpolygons.
Lemma 22 Let S be a dense near 2d-gon of order (3, t) with a nice chain of subpolygons. Then every hex of S is classical or glued.
Proof. By the remark preceding this lemma, we know that the lemma holds if d = 3. So, suppose that d ≥ 4 and that the lemma holds for any dense near polygon of smaller diameter (induction hypothesis). Suppose that S contains a hex H which corresponds with one of the open cases mentioned in Lemma 21. Then H contains at least 5848 points. Let F denote a big convex subpolygon of S with a nice chain of subpolygons. Every hex of F is classical or glued by the induction hypothesis. So, H is not contained in F . Since H contains no big quad, it cannot meet F by Lemma 1. So, H is disjoint from F . Now, π F (H) is a (not necessarily convex) subpolygon of F which is isomorphic to H and contained in the hex C(π F (H)). The hex C(π F (H)) is classical or glued and must contain at least 5848 points. It follows that C(π We will now give a description of the dense near polygons of order (3, t) with a nice chain of subpolygons. Put V equal to {L 4 } ∪ {P(W (4), x)} ∪ {DW (2n − 1, 3) | n ≥ 2} ∪ {DQ(2n, 3) | n ≥ 2} ∪ {DH(2n − 1, 9) | n ≥ 2}, i.e.
V consists of all (classical) dense near 2n-gons S (n ≥ 1) of order (3, t) with ∆ 0 (S) = ∆ 1 (S) = ∅. Let V i , i ∈ I, denote the classes of near polygons as defined in Section 6. The dual polar spaces DW (2n − 1, 3) and DQ(2n, 3) have no spreads of symmetry since their quads do not have such spreads ( [5] + Lemma 5). The generalized quadrangle P(W (4), x) and DH(2n − 1, 9) (n ≥ 2) do have spreads of symmetry by [5] and [14] . Moreover, if S is a spread of symmetry of P(W (4), x), then G S ∼ = C 2 × C 2 by [5] and if S is a spread of symmetry of DH(2n − 1, 9), then G S ∼ = C 4 by [14] . Hence, there exists an i 1 ∈ I, such that V i 1 = {DH(2n − 1, 9) | n ≥ 2} and all the remaining classes V i , i ∈ I \ {i 1 }, are singletons. There are two sets V i which are not singletons, namely the set V i 1 and the set V i 2 with i 2 ∈ I such that V i 2 = {P(W (4), x)}. We can now define V as in Section 6. The following result is an immediate corollary of Theorem 3 and Lemma 22.
Theorem 4
The dense near polygons of order (3, t) with a nice chain of subpolygons are precisely the near polygons of the {0, 1}-extension V of V = {L 4 } ∪ {P(W (4), x)} ∪ {DW (2n − 1, 3) | n ≥ 2} ∪ {DQ(2n, 3) | n ≥ 2} ∪ {DH(2n − 1, 9) | n ≥ 2}.
We end this paper with the following conjecture.
Conjecture. Every dense near polygon of order (3, t) has a nice chain of subpolygons and hence belongs to the above-defined class V .
